ABSTRACT. Kuperberg introduced web spaces for some Lie algebras which are generalizations of the Kauffman bracket skein module on a disk with marked points. We derive some formulas for A 1 and A 2 clasped web spaces by graphical calculus using skein theory. These formulas are colored version of skein relations, twist formulas and bubble skein expansion formulas. We calculate the sl 2 and sl 3 colored Jones polynomials of 2-bridge knots and links explicitly using twist formulas.
INTRODUCTION
After Kauffman [12] gave a reformulation of the Jones polynomial [10] of a link using the Kauffman bracket, the linear skein theory has developed in various directions. This theory is related to quantum representations and treats modules whose elements are diagrams in a disk such as graphs, tangles, webs and so on. Lickorish [20, 22, 21] introduced the linear skein theory based on quantum sl 2 representations. He constructed the quantum SU (2) invariants of closed 3-manifolds suggested by Witten [35] , rigorously defined by Reshetikhin and Turaev [30] . This linear skein theory is developed based on the Kauffman bracket [12] and the Kauffman bracket skein module. The Kauffman bracket also gives polynomial invariants of knots and links called the colored Jones polynomials. (We call it the sl 2 colored Jones polynomials in this paper.) Through the linear skein theory for the Kauffman bracket, we can define and calculate quantum SU (2) invariants of closed 3-manifolds and links graphically (see details in [13] , Chapter 13, 14 of [23] ).
Many quantum invariants and corresponding skein theory have been constructed for other quantum groups. Kuperberg [17] defined brackets for Lie algebras A 2 , G 2 and C 2 and corresponding quantum invariants of regular isotopy classes of link diagrams. He also introduced web spaces for simple Lie algebra of rank 2 in [18] . Web spaces are generalizations of the Kauffman bracket skein module. The Kauffman bracket skein module correspond to the A 1 web space. The linear skein theory associated with A n was also introduced by Murakami, Ohtsuki and Yamada [26] and Sikora [32] . It gives a reformulation of the HOMFLY polynomial [3, 29] . The quantum invariant of 3-manifolds was also given by using these linear skein theories in a similar approach to Lickorish [20, 22] (see Ohtsuki and Yamada [28] for SU (3) and Yokota [38] for SU (n)).
We will treat the skein theory for A 1 and A 2 . A 1 web spaces have particular elements called the Jones-Wenzl idempotents defined in [9, 34] . The Jones-Wenzl idempotents play an important role to construct the quantum SU (2) invariants of 3-manifolds and the sl 2 colored Jones polynomials of knots and links. These idempotents are generalized to the A 2 case (see [18] and [28] ). We call them the A 2 clasps. The A 2 clasps also play an important role to construct quantum SU (3) invariants of 3-manifolds and the sl 3 colored Jones polynomials of knots and links. Many people have calculated clasped A 1 web spaces and gave explicit formulas of sl 2 colored Jones polynomials for some knots and links by graphical calculus. These explicit formulas are useful for case studies of conjectures 1 related to quantum invariants of knots and links: the volume conjecture [11, 25] , the AJ conjecture [4] , the slope conjecture [5] and so on.
On the other hand, there are few examples, see Kim [15, 16] , of graphical calculus for clasped A 2 web spaces. Only two explicit formulas of the sl 3 colored Jones polynomial were obtained using the representation theory of quantum groups. The formula for trefoil knot was given by Lawrence [19] , more generally for the torus knot T (2, k) was given by Garoufalidis, Morton and Vuong [6] . As far as the author knows, there is no example of graphical calculus of the sl 3 colored Jones polynomial for a non-trivial link.
In this paper, we will give some formulas for clasped A 1 and A 2 web spaces. These formulas explicitly give the sl 2 colored Jones polynomials for a 2-bridge link and the sl 3 colored Jones polynomials of type (n, 0) for it. We remark that the sl 3 colored Jones polynomial treated in [19] and [6] is type (n, m).
The paper is organized as follows. We firstly introduce the A 1 and A 2 web spaces and clasps based on Kuperberg [18] in section 2. The colored skein relations and twist formulas for A 1 and A 2 web spaces are given in section 3. The A 1 web space is the Kauffman bracket skein module. In this case, Hajij gave the colored Kauffman bracket skein relation in [8] . We will show it in another method using a lemma from the theory of integer partitions. This method is used to show the colored A 2 bracket skein relations and twist formulas. In section 4, we will give the A 2 bracket bubble skein expansion formula. This formula is an A 2 version of the Kauffman bracket bubble skein expansion formula in [7] . In section 5, we give an explicit formulas for the sl 2 and sl 3 colored Jones polynomials for 2-bridge knots and links. In this paper, we only treat the sl 3 colored Jones polynomials of type (n, 0).
PRELIMINARIES
In this section, we review definitions of two vector spaces, A 1 web spaces and A 2 web spaces, introduced by Kuperberg [18] . For each web space, we inductively define a particular element called a clasp according to [18, 28] .
2.1. Quantum integers and q-Pochhammer symbol. First, we organize notations of quantum integers and the q-Pochhammer symbol which we use in this paper.
Let k be an integer and q an indeterminate. We denote q
. Let n be a non-negative integer. Then, a version of q-binomial coefficient is defined by
A q-Pochhammer symbol is defined by
We sometimes abbreviate it as (q) k . Another version of q-binomial coefficient is defined by n k q = (q; q) n (q; q) k (q; q) n−k for k ≤ n. If k > n, we define it by 0. We also define a q-multinomial coefficient as
where n 1 , n 2 , . . . , n m are non-negative integers such that
It is easy to show the following transformation formulas:
We use the following formulas for quantum integers in this paper.
Lemma 2.1. For any integers a, b and c,
Proof. By easy calculation using the definition of quantum integers. 
The
where G is any tangle in T m . We call this linear map the A 1 bracket or the Kauffman bracket.
For any tangle diagram, we can obtain a sum of tangles with no crossings by using the Kauffman bracket relation and eliminate trivial loops from these tangles. Therefore, we can define the map from the set of tangle diagrams to W m . We can easily confirm that this map doesn't change under the moves of regular isotopy.
We next define A 1 clasps which also called Jones-Wenzl projectors, magic elements etc. We consider an A 1 web space W n+n = W 2n . We use a tangle diagram whose components are decorated with non-negative integers. A components decorated by n means n parallelization of it. A tangle diagram with decoration is defined by the following local pictures:
We omit the boundary of the disk D m from tangle diagrams in D m later in the paper.
For example, a tangle is denoted by .
We define an A 1 clasp n ∈ W n+n inductively by the following. 
The A 1 clasp has the following properties.
Lemma 2.4 (Kauffman-Lins [13] etc.). For any positive integer n,
It is easy to calculate the following.
Lemma 2.5. For k = 0, 1, . . . , n,
Let N = (n 1 , n 2 , . . . , n k ) be a k-tuple of positive integers.
Definition 2.6 (Clasped A 1 web spaces). We define a subspace W N of W n1+n2+···+n k called a clasped A 1 web space as the following:
For example, if k = 3, n 1 = 1, n 2 = 2, n 3 = 3 and w = is decorated by ε j for j = 1, 2, . . . , m. A bipartite uni-trivalent graph G is a directed graph such that every vertex is either trivalent or univalent and these vertices are divided into sinks or sources. A sink (resp. source) is a vertex such that all edges adjoining to the vertex point into (resp. away from) it. A bipartite trivalent graph G in D ε is an embedding of a uni-trivalent graph into D ε such that for any vertex v has the following neighborhoods:
An A 2 basis web is the boundary-fixing isotopy class of a bipartite trivalent graph G in D ε , where any internal face of D \ G has at least six sides. Let us denote B ε is the set of A 2 basis webs in D ε . For example, B (+,−,+,−,+,−) has the following A 2 basis webs:
The A 2 web space W ε is the Q(q 
(R4):
, .
Tangled trivalent graphs in D ε are regular isotopy classes of tangled trivalent graph diagrams in D ε . We denote T ε the set of tangled trivalent graphs in D ε . The diagram below is an example of a tangled trivalent graph diagram in D (+,−,+,+,+) .
We can confirm that this map is well-defined as with the Kauffman bracket.
We next consider A 2 web space W n + +n − = W (+,+,...,+,−,−,...,−) whose first n marked points are decorated with + and next n marked points are decorated with −. We define A 2 clasps n ∈ W n + +n − inductively by the following.
n−1 n−1 n−2
A 2 clasps have the following properties.
Lemma 2.9 (Properties of A 2 clasps). For any positive integer n,
We can easily calculate the following.
Let n + be an n-tuple of + and
It is defined in the following manner: the first n 1 signs are ε 1 , the next n 2 signs are ε 2 , . . . , and the last n k signs are ε k . 
Definition 2.11 (A clasped
In this section, we introduce colored skein relations for clasped A 1 and A 2 web spaces. Although the formula for a clasped A 1 web space is already known by Yamada [36, 37] and Hajij [8] , we prove this formula by another method using the theory of integer partitions. We use the same method to prove colored skein relations for clasped A 2 web spaces. 
We prove the colored Kauffman bracket skein relation by using a well-known identity from the theory of integer partitions. Let λ = (λ 1 , λ 2 , . . . , λ s ) be a partition of an integer into s parts, that is, λ is the s-tuples of positive integers such that λ i ≥ λ i+1 for i = 1, 2, . . . , s − 1, and |λ| denotes λ 1 + λ 2 + · · · + λ s . For given non-negative integers k and l, P(k, l) denotes the set of partitions λ such that 0 ≤ s ≤ k and 0 ≤ λ 1 ≤ l.
Lemma 3.2 (Andrews and Eriksson
Proof of Proposition 3.1 (1). We used the Kauffman bracket skein relation in (3.1) and Lemma 2.5 in (3.2). We define a clasped A 1 web σ(k, l; n) 2 as follows:
By the above calculation,
We make σ(k, l; n) 2 correspond to a lattice point (k, l) in Z × Z for each non-negative integers k and l such that 0 ≤ k + l ≤ n. We decorate vectors (1, 0) and (0, 1) from (k, l) with coefficients of σ(k + 1, l; n) 2 and σ(k, l + 1; n) 2 of (3.3), respectively. The left-hand side of the colored Kauffman bracket skein relation is σ(0, 0; n) 2 and clasped
This Young diagram λ 1 corresponds to a partition (2, 1).
This Young diagram λ 2 corresponds to a partition (1, 1, 1).
shift of a path
A 1 webs appear in the right-hand side are σ(k, l; n) 2 such that k + l = n. Fix a pair of k and l such that k + l = n, then the coefficient of σ(k, l; n) 2 of the right-hand side of the colored Kauffman bracket skein relation is determined as follows:
(1) Take a lattice path from (0, 0) to (k, l) constructed from vectors (1, 0) and (0, 1).
(2) Product all decorations of vectors appearing in the path. (3) Sum up the product of decorations for all paths from (0, 0) to (k, l).
A Young diagram is obtained by cutting out the upper side of a path from
The Young diagram corresponds to a partition of an integer (see two examples in Figure 3 .1). If a path from (0, 0) to (k, l) with k + l = n shifts downward by a box, then the product of decorations is multiplied by q. In fact, a product of decorations of (k, l) . Therefore, the coefficient of σ(k, l; n) 2 with k + l = n is
The colored Kauffman bracket skein relation is the expansion of a half twist of two strands colored by n. We also give the expansion of a full twist of two strands colored by n. 
Proof. We prove this formula by the same argument as the proof of Proposition 3.1. First, the following equation is obtained by using the Kauffman bracket skein relation and Lemma 2.5. for i = 0, 1, . . . , n − 1. Thus, we obtain
by taking the sum of both sides of (3.4) for i = 0, 1, . . . , n − 1. Also,
shift of a path for any non-negative integers i and j. We define a clasped A 1 web σ 2 (k, l; n) 2 as follows:
Then, we obtain
for non-negative integers k and l such that k + l ≤ n. In the same way as the proof of Proposition 3.1 (1), we make σ 2 (k, l; n) 2 correspond to a lattice point (k, l) and decorate edges with coefficients by using the resolution (3.5). If a path from (0, 0) to (k, l) with k + l = n shifts downward by a box, then the product of decorations is multiplied by q (see Figure 3. 3). Therefore, the coefficient of σ 2 (k, l; n) 2 with k + l = n for the expansion of a full twist is
We next give expansions of m half twists and m full twists of two strands colored by n. 
Proof. Let k i , k i+1 as above. We define a clasped
We apply Proposition 3.1 (1) to a rightmost half twist and use Lemma 3.4 m − i − 1 times. Thus, we obtain
The right hand side of the m half twist formula is σ m (k 0 ; n) 2 . Therefore, we can obtain the m half twist formula by using the above equation for i = 0, 1, . . . , m − 1 in turn and calculation of the exponent sum of q. Proposition 3.6 (m full twists formula [24] ).
Proof. We can prove this formula by the same way as the proof of Proposition 3.5. We only have to use Proposition 3.3 instead of Proposition 3.1 (1).
Remark 3.7.
• Twist formulas in this section treat only right-handed twists. Left-handed versions of twist formulas can be obtained by substituting q −1 for q.
• We can easily calculate twist formulas for an n-colored strand and m-colored strand by using twist formulas for two n-colored strands. for n > 1. We also define n n n ∈ W n − +n − +n − in the same way.
We sometimes omit directions of edges of A 2 webs. Then we take compatible directions for colored tri-, 4-valent vertices and A 2 clasps. We used the induction hypothesis in (3.6). We can show (4) by an easy calculation for n = 1. If n > 1, then
by the induction on n. (5) is easily showed by the induction on m. In order to prove (6), we only have to show the following: 
by Lemma 3.10 (5).
by Lemma 3.10 (4).
Theorem 3.11. Let n be a positive integer.
(1)
We can obtain the following by easy calculation.
Lemma 3.12.
For k = 0, 1, . . . , n,
This lemma gives Theorem 3.11 (5) when k = n. Theorem 3.11 (1) is obtained from a calculation of Theorem 3.11 (2) substituting q −1 with q. Thus, we only need to prove Theorem 3.11 (2)-(4). To prove Theorem 3.11 (2)- (4), we prepare lemmas. 
Proof. By using the definition of an A 2 clasp and Lemma 3.10 (6), n n n 3
The A 2 web of the second term is computed as follows:
We used Lemma 3.10 (5) and (6) for the first three equalities, Lemma 3.10 (4) for the last equality.
Proof of Theorem 3.11 (2) . We prove Theorem 3.11 (2) in a similar way to the proof of the colored Kauffman bracket skein relation. By using skein relations the A 2 bracket and properties of A 2 clasps, we can easily calculate as follows: We define clasped A 2 webs σ(k, l; n) 3 as follows:
shift of a path
The above calculation and Lemma 3.13 imply
We can calculate the coefficient of σ(k, l; n) 3 with k + l = n:
in a similar way to the proof of Proposition 3.1 (1) (see Figure 3 .4).
We also give a full twist and m full twists formula for the A 2 bracket.
Proposition 3.15 (a full twist formula)
.
Proof. We prove the above formula in a similar way to the proof of Proposition 3.3. 
FIGURE 3.5. shift of a path Then, we obtain (3.7)
for i = 0, 1, . . . , n − 1. By taking the sum of both sides of (3.7) for i = 0, 1, . . . , n − 1,
From the above equation, 
for any non-negative integers i and j. We set a clasped A 2 web σ 2 (k, l; n) 3 as
, and obtain
for non-negative integers k and l such that k + l ≤ n. We make σ 2 (k, l; n) 3 correspond to lattice point (k, l) in a similar way to the proof of Proposition 3.3. The coefficient of σ 2 (k, l; n) 3 with k +l = n can be calculated by using the resolution (3.8) and Figure 3 .5:
Proof. We can prove it in a similar way to the proof of Lemma 3.4.
Theorem 3.17 (m full twists formula for the
We can prove it in the same way as proof of Proposition 3.5 by use of Proposition 3.15 and Lemma 3.16.
BUBBLE SKEIN EXPANSION FORMULAS
In this section, we consider the bubble skein expansion formula. In the case of clasped A 1 web spaces, Hajij [7] proved the formula. First, we rewrite coefficients of the formula by using quantum binomial coefficients. Next, we give the bubble skein expansion formula for clasped A 2 web spaces. Theorem 4.1 (The Kauffman bracket bubble skein expansion formula by Hajij [7] ). Let m, n ≥ k, l be positive integers.
Proof. Hajij gave this formula in [7] as follows. Let M, N, M ′ , N ′ be non-negative integers and k ≥ l ≥ 1 positive integers. Then,
We can easily rewrite coefficients of the above formula and obtain our formula. 
Proof. We only prove (1). For any integers k and l such that 1 ≤ k, l ≤ min{k, l},
We use the definition of A 2 clasp and Lemma 2.10 in the first equality. By Lemma 2.1 (1) and (2), we obtain 
We used For t > l and min{k + l, n, m} = k + l, the coefficient of We remark that we can prove when 0 ≤ l ≤ k ≤ min{n, m} through the use of Lemma 4.3 (2) and (4.1).
Remark 4.4.
We can prove directly Theorem 4.1 in a similar way to the proof of Theorem 4.2.
COLORED JONES POLYNOMIALS OF 2-BRIDGE LINKS
In this section, we compute sl 2 and sl 3 colored Jones polynomials for 2-bridge links by using twist formulas. An explicit formula for the n + 1 dimensional sl 2 Jones polynomial of twist knots was given by Masbaum [24] and, more generally, for 2-bridge knots was given by Takata [33] . Both of these formulas were derived from the linear skein theory for the Kauffman bracket. We will give a more explicit formula of the sl 2 Jones polynomial for 2-bridge links in a similar way to [24] . 5.1. 2-bridge knot and link diagrams. We briefly recall link diagrams of the 2-bridge knots and links. You can find details on definitions of the 2-bridge knots and links and the classification by Schubert [31] in [2] and [27] . Let m be an integer. A boxed m implies m half twists (see Figure 5 .1).
Lemma 5.1. The 2-bridge knots and links have the following standard presentation. 
where w(L) is the writhe of L.
Lemma 5.3.
Theorem 5.4. Let a 1 , a 2 , . . . , a l be non-zero integers.
Proof. We calculate the following clasped A 1 web using Lemma 3.4 and Proposition 3.6.
|a j+1 | ≤···≤k 
We also obtain the following in the same way. 
,
|aj | and k
i+1 . Proof. It is proved in the same way as the proof of Theorem 5.4 using Proposition 3.17 and Lemma 5.6. Instead of δ n (K j ; q) 2 and γ Kj (k 
respectively.
